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ABSTRACT

Air data out'. -is obtai,,able from pressure nncasurumenrl on a h .,ispherical
probe have beer, i,.,estigated analytý -ally through tiht Hypcrsaunic MaCh numLlber
range. Angles if at' ck from +50 1.) -2O0" and angles of sideslip to ±15° are
considered using a fiv. orilice probe (onc centerline, two each in angle of
.track and angle of aidcs,:ip plaue, '. Emphasis is put on the hypersonic regtrno,

wherein air data outputs arm showj to be obtainable by using a simplified set
of equations. Specifically, %'+ hicle attitude can be obtained from pressure
inputs alone; true air spe.d ca- be, ,b+•irnd with the ;idditional inpput of free
stream density. Prussur.! expressions used to obt-kir ittitudc angle for the
hypersonic reg inic are found to be acceptable fur Mach numbers ns low as . 5.
Expressions for detcrmiininug the uncertainties in the air data outputs resulting
from both pressure measurement erro, and simplifying aesumnptiouus used in
deriving the air data equations are prese,.ted. Discussions on the capability
of deter.nining xvehicle altitude! and Mach number with inputs of hemisphere
pressureu and free strecm density are given. Finally, air data output errors
resulting from chajges in nose shape due to material ablation are also considered.
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SECTION I N
IN4TRODUCTION •[

Air data, ai used in this report, nicans info•motion describing the
attitude, air speed, Mach number and altitide of a flight vehicle. In this

stdv, esiutncd air data inputs aro prcssuie ;,surernt on a hendspherical
trob.-.; witL and without thc additional input ol Iree stre±am density. The probe
in ; typ.cal fiig;it usage cuuld well btý "he nose (c-n ti,e order of a half--foot
diaaicter) of the flight vehicle, and it will be assumed to be free of pressure
perturbation due to other vehicle components.

Instruientbtion and techniqcies used to obtain air data at subsonic,
transonic, and low supersonic Mach numbers are highly developed. A
bibliography cf this work is prebented in Reference (1). At these speeds, the
conventional api oach has been to equip the flight vehicle with external probes
provided with sensors which measure stagnation pressure and indicated static
pressures, local flow angles and total temperature. That information can be
related to free stream values of static pressure, angle of attack and sideslip
and temperature to provide data on the relationship of the aircraft to the
atmnosphere through which it is flying as well as data on the atmosphere itself.
It is normal practice to design probes and locate static sources en the vehicle
Which by themselves introduce minimumn errors in the nmeasuremnent of
stagnation and static pressures over the flight range of interest. Once

± installed on a vehicle, the air data computer is designed to correct for the so-
called position errors of the flight vehicle.

To speeds of about Mach 2 or Mach 3, these errors may be regarded as
perturbations to the basic measurement and corrections as determined from

g full-scale fligh`t tests and wind tannel tests are applied. At high supersonic -

hypersonic Mach numbers, however, the conditions are vastly different.
J Hypersonic flowE are characterized by strong shock wave systenms lying close

to tu Th 'vi-y surface; henc,, air danta, statc prcssure, fo: e.xaiii 'e, cannot be
obtained through small corrections to some measurement. To.al or stagnation
temperature measurement is subject to real gas effects and proper inter-
pretation of stagnation enthalpy from this meiasurement is diflicult (sce
Reference 2).

In the past half dozen years or so, much valuable experimental information
has been obtained concerning air data at supersonic Mach numbers -- particularly
with regard to vehicle attitude on X-15 flights, see, for example. Referiences
(3-8). Attitude angle for t.ese flights was meaeured using rotating hemispherical
null seeking pressure probe. This investigation was undertaken in order to
describe fully the maximum utility of a simple fixed position pressure-
instrumented hemisphere prube at highMach numbers, and also to conbider
the maxinmumn obtainable air data outputs obtainable from this sensor It theS~~lower- Mach numbers. ir

Although the study considered air data investigation over the range of Mach
numbers up to 20 for altitudes to 300, 000 feet, because of preseŽnt air data -,eeds
for hypersonic cruise as well as lifting re-entry vehicles, emphasis was put
on the high Mach number range. V'urtherrnlLre, of the air data outputs defined
above, primary emphasis, again because of present needs, was given to vehicle

It



attitude (angles of attack and sideslip) and velocity (true air speed). Specifically,
the study consisted of defining the e uatiun neuedeu toLdeCre- pressure

distribution over a h.cmisphere, partieui: i ly in the hypersoni, range, and then
using these equations developing expressiois for the air data outputs, (angle
of attack, true air speed, etc.). Through-out the study. frequent use of error

analysis was employed in order to assess not only the usefulness of the various
expres:4ions, but as a useful tool in determining orifice location, and the
validity of simplifying assamnptiovs.

The air dat,• investigation presented herein was written such that similar
air data outputs (c. g. c* and ) are grouped in individual sections. Anigle
of attack and angle of sideslip are discussed in Section 11. True air speed
and indicated air speed investigations are given in Section III. Mach number
and altitude because of their similar dependence on the input of free streamn
density are both considered in Section IV. A cursory examination of the
degree of nese ablation for a typical flight case and the effect of this ablation
oii the air data attitude equations is given in Section V. Each section was
written with the intent of making it a fairly complete discussion in itself ofIIthe particular air data output being considered.

Results are given in forms which can be easily assessed for accuracy
and!or modifications for a particular application. Suggestions for additional
work, pr-marily experimental, tL. further develop the usefulness of this air
data probe are given.

L.
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I '1
SECTION UI

VE.IIGCLE ATTIT UDE ANGLE

1. DEFINITION OF VEMiULE ATTIrUDE ANGLE AND AXIS SYSTEM

Consider 1 body at sonie arbitrary attitude with respect to the free stream
vw locity vector U. , as shown in Figure I. To describe the attitude of the
body with respect to this velocity vector an axis reference systcm is defined.
This system, employs the body axes (see c. g. Reference 3) and is a right-
"handed orthogonal set with the origin at the body center of graviLy (c. g.). A
longitudinal planu of symmetry for the body is assuined. Thea the axes are:

x - in the plane of symmetry, directed longitudinally forward.

y - normal to the plane of symmetry, directed along the right wing.

z - in the plane of symmetry directed "down.

Further, let the projections of the velkcitv vector Ue,0 on the body axes be
called U, V, W for components along the x, y, and z axes, respectively.

The angles are now defined in terms of the velocity vector and its
projections on the orthogonal body axes. I igle of attack, o. , anc .ngle of

• deslip, //3 . are defined in the x-z and x-y planes, respectively, as:

angle of attack, OL - co* 7s- -1 ( ,. (I)

angle of sidcslip, //3 C + v ) S4 = , " (w,÷v &)V. (2) C

A third angle, • , (herein unnamed) that is useful to define is.

Co u U- (3)

THi an,!- -5 has .. ....cale t angle oui sideslip (see, for
example, References 9-1 I). However, in this study, the sideslip angle is the
ongle defined by Equation (2). Note that while o. and are defined in the
planes of the body axes, 6 is not. Further note that 5 is independent of
angle of attatck, i.e. the vector (ua + w )*fremains constant as &. varies;
%whereas /3 is not indepenident of O , since the vector, U, varies as M
vaiies. For this reason, 5 will be used in the derivations of an expression
for (X in terms of the pressure distribution in the x-z plane, wherein.. the
pressure distribution in the x-y plane wiil subsequently be shown to be
independent of CS

2. ATTITUDE ANGLE DETERMINATION AT HYPERSONIC MACH NUMBERS
I

. The capability (including accuracy, range of use, etc.) of the hemispherical
pressure probe as used to measure angle of attack and angle of sideslip depends
on the fullowing factors;

1) The accuracy to which the pressures are known.

Z) The correctnese of the assumed pressure distributions.

3
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I -
3)Techoice and dcgree of exactness of the derived attitudc equationsj...3)............i. •ivcLV Lto ue selection of orifice locatiorbs.

UPressure accuracy, of course, is applicable to the entire Mach number range.The last two factors, however, require different analysis for diffcr,.nt Machnumnber regimes. Sii cc, as stated in the introduction, em1phasis wiU be placedon the hypersonic Mach number regime, consideration is first given to this
range and then to the lower Mach numbers.

a. Pressure Accuracy

The air do,, error equations developed are general enough to allowintroduction of pressure error of various magnitude, however, plus or minusone percent pressure errors are used in this study. One percent errors are
not meant to represent present state of the art pressure transducer capabilitybut rath,.r are used solely for purposes of illustration and comparison. Presentsystems are better than one percent, perhaps one-fourth of one percent, thusconclusions as to the actual usefulness of a result are conservative.

b. Pressare Distribution at Hypersonic Mach Numbers

Pressure data obtained on a hemispherical nose can be thought of astwo separate data inputs: pressure distribution and absolute pressure magnitude.Determination of attitude angles O0 and 13 will he seen to be independent ofabsolute magnitudes, dependent on distribution only.

The mnost widely aczcepted apprcximate method used to predict thepressure distribution or. a hemnisphere ii hypersonic flow is the simple New-tonian impact flow theory. It is useful to consider the assumptions upon whichthO- theory is based and to include herein its derivation.

Consider the streamline Prcn,,H-p,-ing the Vr.i:hc.a...-f_• atan angle 0 (bee skeLch below). No mention is niade %f any shock process
associated with the flow; it is assumed that none exists.

U U.

The only assumFtion that is made, and this constitutes the basis of the theory,is that the streanmline must turn an angle (90-0) upn impact with the body,and in so doing, all flow inomnenturn normal to the surface, A/ U. , rw , is jostto the body, whereas the tangential component of iyorientuni is entirely

4



conserved. Therefore, the normal force on the surface is

j)=0 (4)

where the niase LJow rate normal tr the surlace is

d.___ , U,, for area S.it 6/

Notice the assumption (Af an incompressible fluid,,Om = Constant, is implied
here.

but , U. co5 so the pressure at 0 , (6)

i P NI /_5
is

Po. O c 0 0 17)

V.lI~ ±/c0

- is the pressure acting on the surface at e . This is the Newtonian flow
prediction. As the impact angle goes to zero,cos6----l, the fluid at this
location stagnates and the Newtonian theory simply gives:

/ /,

or P , the stagnation pressure, is equal to two timies the dynamic pressure, q.
,.liie of P is known ex eimentally to be incorrect. Quite often a

Trro- ed Newtonian Theory, whereby the value of P/•Cos 2  is set equal to a
kn:o .L'agnation press,.ve P at e = 0 , is used in the pressure distribution
prediction; i. e., P

The vL lity of this pressure distribution equation at high Mach numbers is
next considered in view of analytical and experimental results.

Experimental p;'essure data taken in the Cornell Aeronautical Lab-

oratory hypersonic shock tunnel (Reference 12) on a 12-inch diameter hemis-
phere cylinder at U. = 14,000 fps is shown in Figure 2. These results are
averaged data for approximately 14 tunnel runs, and are also shown corrected
fur the effects of the conical flow field in which the model was tested using the

•Su,_,ited by L. Lee&, I.AS Preprint JJ4, 1955.

, . v • i.•, -. • _.. vr • .v .'•_ •--: -;'..•. '-: :.•=-7---y• • -



characteristic conical flow solutions of Reference (13). In conjunction with the
S xt ,,ri,. . ..al teetl', - e,,,,pt,•,r prOSLidm for a real-reacting gas was used to
predict the hemisphere pressure distribution for the test conditions of the
prograni. Additionally, exact numerical solutions for an id !al gas (Reference
14) are shown in Figure 2.

Several important points are evident from Figure 2:

1) The corrected cxperimental data and the real gas solution
at U,0 = 14, 000 fps are both in excellent agreem•nt with the
ideal gas solutions.

Z) The ideal gas solutions are practically invariant with Mach
nunmber for 8< M3O.

3) These curves lie below the cos 2 0 curve, showing an
inadequacy in using the muodified Newtonian distribution.

* In view of these results, the numerical real and ideal solutions and the
experimental data are accepted as presenting the correct hypersonic hemispherical
pressure distribution.

it was next decided to see how simply this distribution could be
approximated. Of the numerous methods for approximating the pressure

, distribution (power series, trigonometric series, etc.). it was felt that a
simple relatioe of the form

P = Ps cos" (10)

would best fit the purposes of the study. This is a straightforward choice
since this relation is of the famihl.r Newtonian approximation form and requires
only the generalization that the cosine exponent, n, is not assunied to be 2. 0.

In Figure 3, P/ps averaged froxii the numerical solutions is plotted
""erg.s cos e O 1 .... , -. , / , we can write
log P/ps= n log cosO1 and n will be the slope of the curve. Fairing a straight

line through these data produces a resulting slope of n = 2. 24. Lines which
bound the whole curve are seen to fall between 2. 14 and 2. 34. Thus, a

maxi errhor in n of ±O'/zz is assumed to exist. The curve
P/ps = cos" Z4f is also shown plotted in Figure 2 for comparison to the
nutrerical and experimental res'•ilts.C. Attitude Equations at Hypersonic Mach Nunmbers

The pressure distribution selected for the hemisphere probe was seen
to be of the formr

P - P, cos 4 (10)

where L9 is the angle between the stagnation point and some orifice at which
pressure P is measured. With reference to the b.dy axis system defined in
Section ILI . , the attitude angles OC and A car b-. determined from this
asstmted pressure distribution and from the pressure measurements in the
)x-z and x-y planes, respectively.

6
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Since the location of any orifice can be measured in terms of iti
tuiguiar displacemnent fromn thc stagnation point, herein called the angle 0
for any orifice, i, the pressure, Pi can be expressed as a function of the
stagnation prersure, Ps, and the cosine of the angle e.

P, P5 cos" 0 (10)

For an orifice in the x-z plane, (see Figure 1) say P1

P,- Pcs e (11)I : but coP -- /" UCo

cos v.-. (13)
s - ( - L/(14)

so that cos 0) - cos O. co5 Z (15)

or P, Ps COS (16)

int This is a uscful relation, since S does not vary with attitude angle
in the x-z plane; thus the pressure at any attitude location in this plane is indepelident
of 5S Any pressure in the x-z plane is thus

- P 03  h S Cos" (OL - (17)

where 4L is the orifice angular displacement from the x-axis, in the x-z plane.

The determination of sideslip angle , ab defined, is identically
the same problem as the deternilnation of oL . AlI that i.s required -ho' -
this, is t,,c ito~du,ýtiuj, ond subse'quent canicellation of an additio~lal angle, say

-I (Le.*.VJ - P
C cos - si (18)

such that the pressure distribution in the x-y plane is

SPS CO S P, ccS't - co- E (19)

As can bc- seen from Eq. (19), the distribution in the x-y pla.ie is independent
of e as was the pressare distribution in the x-z plane independent of C5

(1) Determination oi Angie of Attack

'The press•ure on the hemisphere at some point in the x-z planie...
was seen to be

, P, cos -E 'Ps cos"S (c -€) (17)

7
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where the angle b is invariant in this plane. Thus, tilt pressure distribution
4- . ".. *,-' . . . of P L and the angie 0'. Similarly, an expression

for OL can be notidiumnsiunaL'zed to make it independent of Fh cosnS.
Consider the pressure at three orifice locations in the x-z l)lane (see sketch, p. v).

P, PS Cos YS cosh (OL- ,) (17)

P2 PS cosS cos 0 , ; 0 (20)

P- Ps Co5S C-os(" - ) (21)

PS cosn• is commnon ro all three equations. Thus, Equations 17, 20 and 2!
represent only two independent equations for the dcterminatiun of unknowns
(j1) cos"',) and oL , or thrce indepcndent equations for the determination of
(O' cosn•), a. , and n if it is not assumed that n is known. For the hypersonic
ci se where rn is known, any two of the three eouations are sufficient for tile
soiutions of these two variables. However, the solution for O. can make use
of all three equations, if the inclusion of the third equation, although redundant.
will decreaset the uncertainty of 0( for given uncertaii,ties in the individual
pr-CsSure :ieasurcments. In gencral, then, the choice of two or tii cc pressure
measurements will dpend on accuracy rather thai. need.

a. Angle of Attack Dtcrtliined from Two Piessures

Equations 17 and 20 can be used to 31iiuinate Pi cosUS by
either of the two formulaiions:

P.-p. C05o. 6(A-(M,)- Cos "O.
P. oS( -"o (22)

or -

PC cos " C. (23)

Equation (22) is shown plotted in. FiSure 4 for ValueCs of
chosen to cover the angle of attack raiWe, renin,6ering from Figure 3 that
the pressure di- tributioi., P- PS C-os e , is valid only for 6 up to about.
65 *

The curves of Figure 4 demonstrate the seasitivity of the
ratio ,---T~ to cC for dificrer:t values of • and can thus be used to
select 0, 's that will minimize ancertaintie. in MC duc to uncertainties in
measurements of P 1 and Pz. Firgt o oall, however, it is necessary to find
an expressiz n for the change in due to changes in P 1 and P2. Th'*a

is done by differentiating Equation (22)

P,+PtP (24)

To be complete, it should be considered that n also can have an uncertainty
I±& ; bi this Luicertainty will be considered in the final error uncertainty

equations. -.. ..-.

•_t• . •..r•-•• • ,-• ,'...
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SSI•ETCH OF AIR DATA PRO13E
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'IS

Top View x-y Plane

Side View x-z Plan.

Where u, v, w art! veiocity projections on x, y and z axet;, respectively
(see Section 11. 1.).
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Pcrfurniung the diffcrentiation in Equation (Z4) and dividing throug.h by kauation

(qo.)i results in

--
(P6)

0.e, +iz Pa dPI k- P, d-Pz J5

t . P(Z)
werext, assula that -eetc. Let r& wreand consider

"1 .

.- L

the worst case. %wher-e all errors are aczu,.nulative (i. e. , alt plus ur all minus).

Equlation (25) then redkices to

( )6)9 -, (P, - PZ) (PI + r.
P, Fa3%

Fucr various values of CC and for the case of one pdrcent pressure errors,
C :- O. Of, values of

-is÷ Po Foa , f+ r P 1 (e7)

P, +(PX(PI

wer a tsente icremets were then added and subtracted to ra-ng
en Figure 4 to obtin values o t alt• Oeu (se sketch below). a

11

P. P N.y•
P,+P

-\'P-' .'

These value of - ,obtained gaphicallv, wee then
plotted versus OL for th~e different 's in Figure 5t. As can be seen, the
best C hoice of i0s that \NLI1 cover the OC range fromi -20' to 50* and maintain

Aý-•• 650 is 45% F'Ol thic case., a.o"-YZ7 for 1% errors in pressure '

over the entire OC- range.

I ~Next, consider the alternate forinulation of Equations (17) and -



, -- (•-- 0') (23)SCo-S VI OL

Lquation j23) is plotted in Figure 6 fci the 0. values connidered in Figire 4.
The unceriain~y in M. due to uncertainties in P1 and P 2 was determined in
the sane rianner as was done for Equation (22).

C dR dP
SP/. P,P.

and as before,

AE ~d,- Pz. LF
. - - = "+

RP P

L3AUI/PZ Z C_ (29)

"P P

or 2c C -L (30)

Using Equation (30), gra~ihical values of .6 were obtained
from Figure 6 and are shown plotted in Figure 7. Comparison of Figures 5
ard 7 shows the results to be praactically equivalent. Thus, Equation (22)
presents no advantage in accuracy ever Equation (23) and the simple relation

R, Cos (OL- ¢),

appears to be the better choice for angle of attack determination for the two
pressure measurements. Furthermoie, 9b),'" 450 4.s again the best choice of
orifice locations. For this value of 0, Equation (Z3) reduces to

t an " , (31)

winch can now be solved d-rectly for augle of attack.

Sta-t - (32)
S0, 45"

Equation (32), therefore, represents a closed form solution
for oC. using o-ly two pressure inputs in the x-z plane. Since this equation
rusults in no loss in accuracy over the altr.rnate orifice calibration, E uation
(23), and has the advantage of a closed form solution in X, it has been selected as
the most promising form ior the two-pressure in~u: case.

11
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tI hw athayLiai expiessi:5n for angie ol atra.ýk uncertainty' can

now be found by taking the total derivative of Eq-i.ation (?'), where 1'- will now
allow n to be uncertain. We will allow 0, to be variablc, since we have not
yct -•'hown that 0, 45* is an optiiruni location when n is allowed to vary.
Eqaation (23) ca.i be written asIh
The total derivativc of both sides of Equation (33) is taken, rezsulting in

?-C V (Cos0, + 3.h (,ta'CA) sin Q.A sec. oL S.Lx(3 S(34ý

Solvizig for 4Oc prodaces

~~~-L -c[toA. (coso, +s14±aiednj

Next, assuming a,-curnulative errors, and AL::- ± AoL , etc.

( dtq.-+ t Cos a.L( A (36)

. .C f i t- • ... n,- 17, -L g U 5 , 0

4 5 ' for C AP/P of ".. 01 and for a constant vajue of An of ±.f,? r the pur-

pose oi selecting orifice location 4*.Again, it wAa,3 asý;umyed that all errors
V •.ould be accumulative. An orifice location of 4 = 45', as expected, is seen
to produce the lowest uncertainty in AOL. Actaally, this errui,- may simply

decrease as 0, increases, ",owever, 4 5 - is just about arn upper limit on 01 if
we want to measure to minus 15* or 20° angle of attack. Next, the error
dependence due to /An is shown in Figure 9 for : 45", where actual values
of 6ni were obtained as a function of OL. aF follows. On a pl'ot of tthe actualhernispherical press-ure distribution (Figure lines of. COS 1"' for vario-us "'

11 's were drawm to intercept Lhe curve at e 'a up to 60. Then for each e ,
values of Avi-?.2.-n were obtained. These values were tchn used in Eq,.4tiorn
(36) for C = . 01 to obtain the results shown in Figure 9. Fromn Figure 9, it
is scer, that, up to about 45%, the Acd. error due to the AP and u-.certainties
is only about 6!l0 of a degree, wvhich is felt to be quitce good. Frthermore,
cver this cange the uncertainty in An alone is negligible ar. can be seen by the
dotted curve which was plotted for A VI = 0, and which follows the solid curve
up to 45. Finally, for comparison, the graphically determined values of Acme
from Figure 7 are also shown replotted on Figure 9; and it is seen that good
agreement of the two methods of 0... determination is achieved.

1-2
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I
b. Angle of Attack Determined fzoin Three Pressures

In using Lquatior.s (17), (?0) and (ZI) to deter-iine O. , it
inusý be remnemnberud that the aausunied rrreýsure distribution is valifl only for
about 0 f5 65s,, or (c(- 9, ) values s:Žniewhat less than 65'. Since OC can be

az large as 50, _ca be no less than about -15*: tbcrefore, thetotal orifice
spacing can be practically :to greatel thjan the spazipg chosen for the two
orifice case.

'2he thrk:t orifice calibration of oL , howcver, can be c. npa red
to the, two orificc calibration on the basis of accur-acy anr, the method of pressure
rneasureneii.. The forniaiation chosen

- co~~ -(37)

Sc-•o5"( C -0)"

incorporates the use of preEsuie differentials, as opposed to absolute pressire
measurements, which mLay be an ardvantage fron-m an instruimeniation standpoint.
To c3-cr the (Y cangi, the o-i-ice lozations were selected to be 450,

O0. • -l - . For ¢ -1 5, le- pressure distribution is vaalid up to
O- z 50, however, a sing-ula-: ty 1.e. Pt-, -it0) in the function as

m -4- -- limits the useful negative range. Equation (37) is shown plotted
in Figure 10 where, for the 0 ts selected, the function zeduce. I.c

PP I -7, +. - .tt ' (3V) .

Thie error equation for th-le elation turcaz out to be

A-~:~j~4 I ~(39)

P, F•-tN P,2• P+P, P-P_
L

or

-kF V;3: P - P, P P3 ,Pa

The uncertainty in O0 , due to accumulative C - 0. Cl
uncertainties in individdual pressure rneasuremcuts, is shown in F'gare 1 .
As can be seen. the AOL uncertainties are JArger than the two orificc:
fcrmalatioa for most of the angh• of attack range (compare Figures 7 and 11).
From the standpoint of accuracy, therefo-Le, th,; t.!aee orifice relation appears
to be les-• desirab>k, thad the two orifice r iation.

13
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(2) Determination of Angle of Sideslip

Thus far the attitude angle equations. orifice selection, error
equations, etc. have been evaluated for angle of attack determination. As
pointed out in Sectioa II. 1., however, there is no fundamental differencc
bctween the dctermination of angle of attack, CX or angle of sideslip, 16
Thus, all discussion thui far written in Section Ii. Z. c. (1) foro.orifice selection,
etc. is equally apj licable for W

For the angle of a.'ack equation, a 0, orifice loc-ated at 450 was
seen t.o give the best Q/ /Pz relation for small Cx. values. Therefore, although
the /3ý range is smaller than the angle 01 attAck range, a location of X, = 450
will irim.larly be th. best choice for the A equation. Furthermore, the same
argurnents that showed the simple pressure ratio relation to be optimum holds
cqually well for,,. The/3 equation is then, for •, 45' in the x-y planer -i

_ - ,' - IJ (41)

and the error equation is

Go0' 11 = (C ~ [zc± [I4og,,(cos, + sn ,tab) 4ln (2)

d. Attitude Equations at Large Angles of Attack

The attit,.de nagle equations were derived for angle of attack usage up
to approximately 50% Thus, the choice of exponent n in

Scos ( 10)

wa3 selected to rnininize errors in C over this range. It is ot some interest
to investigate the errors in C(. at angles as large as 8W'. This was done simply
by extending Figure 3 to large 0 's, Figure 12, and by using Equation (36) to
generate Figure 13. Values of An used in Equation (36) were obtained in the
same manner as was done to generate Fi: ure 9.

From Figure 13, it is seen that, above about 50%, the angle of attack
error AOL increases rapidly to rather large errors- -6'. However, the error
in M , although large, would stil1 allow use of the attitude equation

ta- (32)

for angles of attack as large as 85* with no diacontinuities in the equation.

14
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3. ATTITUJDF ANGLE DET ER;•frý'I" ^T,- Cr ..... ENTIRE MACH i:UM.PER
RANGE

The ba sic expression uscd in the derivation of the attitude equations at
hypersonic Mach numbers in Section I. 2. c.,

P = P3 Cos• 0 (1)

was found to hold with sufficient ac: uracy with respect to both experimnntal
data and theoretical solutions (Section Ii. 2. b. ). Furthermore, it was found
that the exponent n was equal to approximately 2. 24. If Equation (10J is al.so
satisfied dt lower Mach numberb, nose pressures alone could continue to be
used to obtain simple attitude angle expressions. To examine the validity of
this pressure distribution relation at Mach numbers less than 6, data compiled
in Reference (15) and (Z) from the literature are shown in Figures 14 and 15.

These plots present P/P versus coSE) on lo. scales; thus, a linear relation
ill P//lwould indicate a distribution of the form pz-cosOwhere the slope of the
line would be equal to n. For the most part, Figures 14 and 15 do indeed show
that a cosine relation provides a satisfactory approximation to the pressure
distribution for Mach numbers as low as M =,: . 5. The slopes of these curves
( i ), however, are not cox-stant but are Mach nurmber dependent. Values of n
measured from Figures 14 and 15 are plotted as a function of Min Figure i6.
The results of n correlate with Moo quite nicely. Furthermore, an extrapolation
of the curve should satisfy the value of n (2. 24) assumed to hold at hypersonic
Mach numbers, which it appears to do reasonably well. This result is in
good agreement with Reference (15) which showed a cosine exponent to vazy
from 1. 5 to 2. 3 in going from low oupersonic to hypersonic Mach numberf,; in
that report, the exponent was defined through

S I

This equation differs slightly frorn the present correlation having the disad-
vantage of requiring a knowledge of free stream static pressure for attitude

.L determination.

If Mach number was a mKnown input, Figure !6 could be used to obtain n
accurately enough to use the attitude expression.

to P, (32)

Without being given M, , however, an expression for 6(. is needed which is
dependent on input nose pre!;sure bui. independent oi n. A relation of this form
will now be developed.

Consider again the three basic pressure equations that can be written for
three pressure inputs in the x-z (pitch) plane:

-P, P Cosa0e C ,0( (17)

15

I I I I I I I I I I I I I I -I I I " I I5



Pz M cc'0 osL (?)

P 5 =, Coss Cos0' ((--0 3 ) (1

Pressures PI , P 2 and 133 a C mcasurcd quantities and it is desired to find
S. The quantities (PS Cos ),.and h are also unknown, but three indcpt ndent

equations exist. First, (P 5 C05) is eliminated by dividing Equation (17) by
Equation (20)

P, L-o&L.-41) 1Z (3)
L Cos j

and Equation (21) by Equation (20). h

PCOS' aj (44)

Next, I can be eliminated by taking the log of Equations (23) and (44),

I NLCO~c'~.(45)

~ (P~ ~, j~,L cos oL-)14)
P~ ~ cos~r'cT13

and then div.ding Equation (45) by Equation (46).

log i((oso./)4o1 (7

log (c5:3/rcsd

We now have an expression for angle of attack which is independent of )h
and requires only a pressure distribution of the form P= P6. o0 , regardless
of the value of n . A plot of this function for 0, 45", 03 = -15* is given
in Figure 17. For the case of 0 -- 450, 03= -45 Equation (47) reduces to

____ ~ ogA (I~a~no..(47a)

Using Equation (47), it is possiblt, therefore, to obtain m (or,6 ) independently
of n . Once c- (and i) are found, however, it is possible to obtain h by
using Equation (32). Taking the log oi both sides of Equation (32) and solving
for ki one obtains

The necessity of knowing h e-.en when CL and have already been determined
will be si!uu in Section Ill wherein the calculation of stagnation pressure, P3
is required in order to obtain true and indicated air speed.

16



Equation (47) would appear to be very useful foriM.4, where n varies hut
is not 1, town as an input. The usefulness of Equation (47) at hypersonic Mach

....cr , should 41su bl considered. Obviousiy, an equation that can be used
continuously over the whlole Mlach nlimber range is more desirable than having
separate equations which would cover incremental Mach number ranges. A
c.'-parison .( '%-lib,--ition Equations (47) and (32) should consider the following:AP

1) Accuracy in C*. (or/,,) for given-.--'rors.
2) Rangc of use in L

3) Simplicity of attitude expression.

Obviously, Equation (32) is the simpler, but to make a valid comparison
of items 1) and 2), it is necessary to first attenipt to optimize Equation (47) for
accuracy and range of use for various orifice locations, as was done for
Equation (3?). A series of five different or. ice locations wcie considered
and are shown in Figurea 17-Zl.

Before these figures art discussed, it is useful to consider first the errors
in angle of attack whicn could result from errors in pressure measurements
using Equation ý7). Taking the total derivative of the left-hand side of
Equation (47)

df(P) P IAR 4.- F (49)61, 72 _ý f -s q2.I __

P& ' rj o(~.J P PL]
for -P A -- , etc. Equation (49) can also be written in terms of the

angle relations

., 0 -1 - ... (49a)

Nex~t, for the right-hand side of Equation (17),

P P ) I ('sh '. I- (51)

Equating Equations (50 a) and (5l), i.ne, and

(() I. . . .=_

" ,P) P .
( 5 0 a)



solving iorx-Acresults in

The nux-ierator of Equation (52) is of the form

A BFAR(3

and it was forms aritiunetically that. when A and B have opposite signs, an

error of " (A¢13) could occur, whereas when A and B bave like signs,r ZPZAP

the maximum possible error 41 -__-P A or , depending on whichever

of A or 5 was numerically greater. Shown in Figures 22-26 are plots of

Ac_ versusC .prepared using Equation (52) for AP/p =.01 1vi the five
orifice locations of Figures 17-21. It was found, however, that when Aj(P)
was large, Equation (52) gave poor estimates of ±tAU. This resulted because
the equation assumes a straight line variation in -J(P) over the corresponding
A•OX interval, which was not always the case. Therefore, for large A /p .

values of Af(P) from Equation (49a) were calculated and graphical values of
A• were obtained directly from Figures 17-21. These values are also
shown in Figures 22-26.

The optimization of Equation (47) can now be obtained tlhruugh examination
of Figures 17-26. The resuits of these plots are given in Table I. which

oinpr,-see a sum,.ary of thc investigatio., lCting cases, accuracy uncertainty
due to I% pressure uncertainties at CK- = 0 and range of use. The purpose of
examining the five different cases is, of course, an attempt to achieve for
Equation (47) a calibration which will produce a maximumn attitude angle range
of use and a minimnum sensitivity to pressure error. These requiremnents are

somewhat conflicting, however, as can be seen in Table I.

Table I

ANGLE-OF-ATTACK CALI BRAT IONS

FOR LOGARITHMIC RELATION

POSSIBLE LIMITS IN RANGE OFO.
INACCJRACY * UPPER LOWER

FIGURE CASE 03 ATO(.-O" 111 CURVE I,•-Ojl-& z.-03-o CL- A1-r

,, 1 45,- -15- 1'. -3.o" 62," 50" - 7.5 -20
18 2 ,5. -30" i.g'. -,.64 045" 35- -,6 -20
19 3 5." -45- o.S'. -1.0" s8" 20- -22.5 -20

21 - O -0 - 0 -1. --. 2. 5" 35" -15 -35



An explanation of the Iiiniti; in attitude- Ang!e rnca I-II Tablul 1 are
given as follows;

1) Mininmum in Gurve - Causes al upper limit in attitude range
because an attempt to usc the calibration above this niinimumn
would result iii a double value attitude solution for a given sct
of pressure inputs. A cross plot of the niaximun) pcsitive
range in O. lim•ited by a tniniljnuiil in the calib.ration curve is
shown in Figure 27.

2) Icx -~ 65 or I Cv.- 03 65 -The calibration equation was
ucrived from an assumed pressure distribution of P-P co5'
which is considered to be valid only up to an angle between the
orifice and the stagnatioa point of approximately 65.

3) (2 ce- 9) = 0 - The funct-oris become discontinuous if tbis
occurs, sec Equation (47).

The range ir crifice location was selected in view ol these limits and
desired range of anglc of attac! (-2O*• OL. •• 50") as follows;

1) Upper limit in 0, was set bN condition 2 above (for co50
distribution to hold to -20%, ¢ should be no greater than about
45 ").

2) Upper li'lit in 10.,i was set by condition I (upper a. linmit in
calibration curve due to mninimumn decreases as 0,1 increases)
or, condition 2 (for co5O distribution to hold to 50', 1I0 should
be no greater than 15").

3) Lower limit in was set in consideratinn of the fact that theS" In S*_C~r''jI rý a I-- V lil~t' If rv111 as ccrncsby condition 3 (for oL range to -20", 1931 should be no less
than 40 *).

Considering the possible 01- inaccuracies at O= 0 listed in Table I, it
can be seen that 0.,must have a large negative value, perhaps 45", to make
the calibra: ion of any practical use. This requirement, however, restricts
the upper limit in useful c- range to about +20*. Thus, in terms of accuracy
and range of use, Equation (47) is not as acceptable as Equation (32) in the
hypersonic range.

In addition, it was previously felt that, even though the required OC range
was -20* to +50%, it would be most desirable to have the calibration operable
at large limits in o- (see Section I1. 2. d.). Such is not the case for Equation
(47), since discontinuities in the cal-bration occur at negative (.. values
(within the required range for all but 0,3= -45, case 3) and multiple values
occur in the positive 0. range.

One possible solution or compromise would be to use one equation as a
back up for the other. At high altitude, high Mach numbers when thL attitude
angles could conceivably be quite large, Equation (32) would be most valuable.
A switch over to Equation (47) at supersonic -transonic Mach numbers, where
the attitude angles would not be too great (say •= 200) could then be made.

S-.19



Orifice locations 0,: 4 5 o ~ 0 are t-milpatlh-1e- bot sc-liin and~ th
additional orifice input 1could be m rade available as reded.

The required attitude ranwe in/3 is far lcss dczuianding than for CL , being
from -15' to +15%. Thus, there is no requirement to i.ake X or ,3 P tile
orifice locations in the x-v plane (scc sketch) smxaall. The ý ang'es should be.
greater thani 30* tc eliminate any discontinuity in the calibration and could perhaps
reach t40* or 45*; they are limited, however, by thelcosG distribution at large
O•. . Actually, k, = 45%, . = -45' prov.kd good accuracy neal/3= 0, do
not exceed the acceptanle Cos 0 range, except at very large angle of attack,
and allow the simplified calibration

for the hypersonic case.

Selection of the logarithnmic equation for//3

in place of Equatioui (41) in the hypersonic case is dependent upon the same
question of accur cy and convenience as was just discussed for anglt, of attack.
For the case of = 45, 3 = -45, Equation (54) reduces to

___2 (i1 tay,) (54a)

At oC- .45 , 0. = 1:), the total angle between the stagnation point and the
orifice at - s about 650 "or 40.

20
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TRUE AIR SPEED AND INDICATED AIR SP'EED

1. CALCULATION PROCEDURE

In Section I1, it was shown that pressure distributions in the x-z and x-y
planes are 8ufficierat inputs to determine tac hemispherical probe attitude
angles, 0. and /3 . Using 0- and 13 , the centerline orifice pressure
measureinent and an aasumed pressure distribution, the probe stagn..tiji
pressure can be determined. For a given frec stream density, the stagnation
pressure can thezi be used to obtain free stream velocity (true air speed)
thi-ough a utagnation pressure, dynamic pressure relationt.

C. CALCULATION OF STAGNATION PRESSURE

The pressure distribution on the hemispherical probe surface is assumed
to be co the form

r P• cose (10)

where ( is the angle between the stagnation point and sorie orifice at which
pressure P is measured, see Section II. It was also seen in Section 1I that
if the orifice is located on the probe axis of syminetry

j co5()- cOs GS COScOL (15)

where angles 6 and or- are also defined in Section 11. 1. Substituting this
relationship into Equ.tion (10) and solving for P_ results in

PS W Pz /COS COS O (55)

where Pz is the pressiue measured at orilice 2.

Next, consider the relations between angles 0(- , and cS as given in
Section U. 1.

5;f TL7 (-57Z (W + r2U)zSa

C- (5 6b) COS O•)"L ý L&t-V (57b) C.05,6-0 ----L-(58b)

-(5
6 c) t c)A

+_ _ L2
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Dy inspection Equations (56c), (57u) and (58c) coiibmne to give

ta" (59)

S tam-' Icsot~~ (59a)

Combining Eqcationis (55) and (59a) results in

S [(0o5OC) C.CS (t. I (C•o0•5 ( )] "- (0)

This equal on t-,•cn presents a closed form solution for the pitut pressure
in ternis of the pressure measured on the centerline orifice, the attitude anl]es
OC and 16 and tht cosine exponent . For Mach numbers greater than

6, it was shown in Section II that Yi = 2. 24; that is, Equation (60) can be written

~ (osics~icootPZ]z (60a)

for the hypersonic case.

For transonic-supersonic Mach numbers, Equation (60) can be solved only
after obtaining n through the method described in Section Ii. 3. Equation ( 6 0a)
can be written entirely in ternis of measured pressures for the case where the
attitude angles are expressed as a function of two orifice pressures and n is
known. For hypcrsonic Mach nairibers then:

LI

o:= t ..- F•/r, zz ,1,=

k P, I - 1] 
(41

Substitution of Equation (32) and (41) into (60a) resutts in

t LS - . -- (60b)

Because of the complexity of this expression, several simplifying ainall angle
assumptions were considered. First, for the assuiiiption

(61)

22



Equation (60b) reduces toI P0 ~ * -~j (62)

which ofiers a significant reduction in complexity over (60b).

The error in R using (62) is shown in Figure 28 for 1's of 0, 50 and
10. As ;z.an be seen, the error introduced in the worst case is only .07%.

Thus, Equation (62) introduces negligible error in the pitot pressure calculation.
It is possible to sinrplify the stzgnation pressure relation, Equation (62), further
by the additional assumniption

ta•/ 0 (63)

Therefore, ta•'t 0 O and Equation (62) reduces to

__.______ ________T (64)

COL'rt- I)-

The error nS usin- Equation (64) is shown in Figure 79, again for/- 's
of 0O, 5 0 and 10 . Errors for this case can be as large as 3. 5%/. In view of
these errors, Equation (62) would arpear to be the best choice of the expression
for PR , however, the value of the trade in accuracy for simplicity can only be
ultimateiy judged in the case of a specific application.

3. RELATION 13ETWEEN STAGNATION AND DYNAMIC PRESSURE

a. Imperfect or Real Gas Solution for Supersonic-Hypersonic Stagnation
Streamline

For an imperfect gas, " e follo%ving flow conservation equations are
valid for the flow in a streanrtube which goes through a normal shock and comes
to rest at the stagnation point of a blunt body (velocities are given with respect
to a body fixed coordinate systemn).

First, because the process is one-dimensional through the shock, the

mass flow rate entering the shock surface per unit area must exactly equal the
mas6 flow rate leaving the shock. The mass continuity equation for this process
is thc refore

& ,~T ~6 U(65)

where the subscripts are noted in the sketch below

FLOW a F
J hO . hP,
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I'

eeo;ndly, since the fhc-'Ck -c Is staturai y, tht ,,c fe, c on Lhe
shock surface muust be zero. The force balance or the conservation of
nmormentum equation is

P 00 PV~ (66)

Finally, for an adiabatic process, thc energy equation between thu
shocked gas at station r and the ctagnation point 5 is

hr U =h 1  (67)

These three conscrvation equations form the basis of the stagnation
streamline pressure calculation. Note that at this point, no ga;i restriction,5
(i. e., perfect, incompressible, etc.) have been assumed. Rewriting Equation
(66) and substituting for ,-i using Equation t65) results in:

Z
g m+ ...- fr 7  U\ (68)

P, F+ U - ( 6 8a)

The thermodynamic equations

P ZfR imperfect gas law (69)

h = T definition of speci.fic heat
at constant pressure* (70)

are next substituted in Equation (67) resulting in

Equation (71) ie next solved for P1 , the otagnation pressuLre:

~' (d~) (E, & p c9U (7 1)

Equation (70'; merely constitutes a definition of CF , it is not meant to iniply
that this value is insensitive to 4-"perfect gas properties (i.. e., a constant).
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"P -C ,aII ,r t R ,5

Cr (71b
Next, u.iug Equation (68) to elilninate Pr , and defining dynaaic p"essure,

. -•(72)

oal (73)

P s j 4 R[• ar k C R fl (73a)

b. Approximations to Stagnation-Dynamic Pressure Relation for
Hypersonic Flow

"Equation (73a) is the inmperfect gas result for the relation of "tagnationto dynamic pressure, r 5 1 ' However, analytical relations for . 't
must be formulated to solve the equation, resulting in a relation forPs// too difficult and unwieldy for air data usage. Fortunately, numerical

Solut~ns from w'hich P-/I- Can be calculated exist in the literature so thatl./t can be found for t le fight envelope in .... This has been doneusing Reference (16)and these ,real gas results are shown in Figure 30.

Civen numerical solutions to Equation ( 7 3 a), a logical method of attackto for-.aulate a usable P..• relation is to simplify ( 7 3 a) with perfect gasassumptions, corpare the results to the exact solutions, and try tfn r.n...
t . .v ,lenxcand sumi p uiutions %vith si-ple correlationunctions. This is the method of attack used here. The sirmplifications wereSperformed progressively in a step wise fashion and although it would suffice

Sto show only the end product, it was, nevert.'Ieless, deenled wor thwhile to

einclude 
the whole process.
First, assume that the fluid behaves as a perfect gas allowing

P I (74)

SR -c I-I 
(75)

Suustitute Equations (74) and ( 7 5) into ( 7 3a) which givas

I 
- (76)
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which reduces to

7 (76a)

Next, assume the gas between stations c and r is incompressible,

in which case 0' Pr (77)

and - J see Relerence (17) (78)

By substituting Equation (77) and (78) into (7 6 a)

flE+ (79)

For hypersonic conditions

Thus, Equation (79) can be written

Equation (81) becomes recognizable now as the rmost commonly derived solution
for the stagnation pressure.

Thi next and firal approximation requires taking an average or constant
value for • over the range of usage and thus simply assuming a .-onstant ratio

f P. ýp I.K1

The r-sults of the solutions are now shown for the velocity envelop.e
of interest in Figure 30. It is interesting to note, that the assumptions oiim/'O
and incompre3sibl! flow have had little effect on Equation (7 6 a); thus,
Equation (81) suffers very little from these assumptions. Logical candidates
for an approximation tc Eq. (73a) thus become Eouation (81) or (82).

A correction to Equation (81) or (82) could include velocity and altitude
or velocity and density, e.g.

z U")(83)

H-loweve r, is Suite insensitive to fo and the correction car be written
simply in terr& of U-,

P/ 1. 84 +f(T (83al

Finally, from a c irve fit of Eq. (83a) to Eq. ( 7 3a) for the range of interest
(Fig. 30), the results are P. 1.8 (8 3b)
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I4Equation (X3 ))i j ýpltted -in Fig u. 30 afd ie nen to hold to within ±t ivl.

Equation (bOa) can be substituted into Equation (811h) to express true aii
speed in terms of the measured quantities O., 'f , Pz and density. This
velocity relation would still need to be solved f6r Ui , however, which can
not be done directly. An iterative procedure whereby values of U. would be
assumed is needed to obtain a solution in U,. Rather than resort to fthis
procedure, it was dccided to first investigate the necessity of the complexity
of this expres ion for s/ * This was done by investigating the error
introduced by the use ef E uation (82).

where K = 1, 92 ±. 03 since 1. 89 < 1 JXq< V.G over the range of interest, see
Figu:c 30. Then from Equation (72),Owe can write

U Z 2-P (84)

Differentiating this expression results in~~~~~ __,•U jp - __ K z P KP,
2u~U .....i4~2kj 2K Ai (85)

Next, divide Equation (85) by Equation (84), assume ±
etc. and again assume all errors arc accumulative; the result is

a U., A -P. (86)U. =-7 I K • PS!

i From Equation (82) = L. 015. Assume density is known to

withiun 5"/, 5 .

SIn order to get S/ , , we must differentiate Equation (60), %ich woud
be difficult and unwieldy, but it can be don, for the simple case oi p : ,
Equation (64), which will still serve the purpese of iiiustrati.g the validity of
the PG/q = K assumption. Equation (64) i.n terms of OL_ is simply:

and

dP, -- P n CoSC(3;n c(dtOC+ cos"cd-1P,+P. co•s% Iog cosad-h (88)
t ~~~Again assume JDP• AP• t.dvn

b i Pv-C Ptý/ 5 1c

Substituting this e:pression L,-ck iMto Eqiation (86), the result obta_.... is:

____ I[% . _• +~, n-~ taon Ar 4-g , lfl 8ta

A[K JTi

; Z7

mmm
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Note that from Section I, for 45

kOC.L= -+tana)-O 2C4-Ioge + ta (36a)

Therefore,

+ 4+Pz +QOg(cOSct))An Sn -A. 0 (tA&Ydc) )Ji_ý t A b

If this expression is evaluated at (•. = 0 for illustration purposes

S+ C (86c)

U. _ 1/2 (. 015 + .05 + .01) = 0375

or -- = 3-3/4%7
UW

From this result, we can see that the error in Ua due to the uncertainty
in K contributes only 3/4% to the total 3-3/4% uncertainty. Therefore, the
error in UJ* introduced by the assumption of the simple relationship 'Ps/. K
is small and we are justified in using Ps/1 = 1. 92 for the velocity, densAty,
stagnation pressure relation. V

Solving Equation (84) for U0 gives

U"= I.ozl -- ) (90)

Substitution of Equation (60b) into Equation (90) produces

"U"- ' ) cos -zY -IIl]L (91)

which gives true air speed in terms of P , Pz , P4 and /10

Since, however, it was shown in Section III. 2 that the assumptior

L2Wb = 5 (61)

introduced negligible error in A$ , Equation (91) can be rewritten for 1 = 2. 24,
including this approximation, as

U.D cs['4(~) -9 co[((j) .. i) (92Z)

The error in Uao using Equation (92) instead of Equation (91) is shown in
Figure 31. For S up to 10, Equation (92) gives very good results over the
entire 0X. range; and, therefore, represents a satisfactory approximation to
the air-data velocity equation.

Finally, for the sake of completeness, the assumption of

a-i /3 0 o(63)
/
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can be introduced into Equation (92) rusultii!g in thle simplification

(9x/(93)
"S rtaw I, ýý - )1

L IrX, 14
The error introduced in UOby th-s assulaption is shown in Figure 32.

5. INDICATED ALP. SPEED, HYPERSON.G

Indicated air speed UQ is the air Espced obtaired using sea level ambient
density reference conditions. For the methods used in this study, Ul. can be
expressed simply as

U.4. (?4)

h•.re/ .002377 slugs/ft . The value of U.£ can be obtained once U.. is
known, or by direct substitution of Ecuatiop (9Z) into Equation (94, wl.ich gives

JozIt[la(I.fL)p71Co _____7

Equation (95) avoids introducing the uncertainty of,/O into the U; expcession.
The simplifying assutiption, Equation (61), that was made for ULa is, of
course, also applicable to the indicated air speed expression, Equation (95).

6. AIR SPEED, SUPERSONIC

Determination of the air data outputs UO and IUJ for the hemisphere press:, 'e
probe is dependent upon determination uf stagnation pressare and upon the
relationsh-ip between the stagnation pressure behind the normal shacý • and
the free stream dynamic pressure . For Mach numbers less than 6, it is
possible to determine P once •i isLound as discussed in Sectiuon I.

Fur rM• -, it was found that

-S--=K (e 1)1

where 1< 1.92 :L. 03 over the hype-sonic range (see Section 111.4. ). The
assurmption of a value of K of 1.92 resulted in maximum errors in U, of 3/4%.

For M-" 6, val'Jes of PS/ were computed for Mach numbers aL low as
P1 = 1, and the results artshown in Figure 33. At Mach numbers op to
about M,, = 4, S decreases with increasing M.. This decrease is t, ue
Mach number depondence existing even for an ideal gas. The variation inps/j

in the hypersonic regime, 1:owevei, (i.e. the slight increase in P w/ith M
is a real gai effect for the free stream velocities and densities of t.e re-entry
trajectories considered in this study. Errors in U. resulting f.om tihe

cassumption

_.= 1.92 (2)
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are shown as a function of free stream Mach number in Figure 34. For Mach
numbers as low as ma = 2, the true air peed errors ireuiiing from the ube

of Equation (82) are 2% or less. Therefore, in view of velocity uncertainties

of *2-1/2% and ±1/2% resulting from assumec' uncertainties of ±5% in density
and *19% in pressure, respectively, Equation (82) appears to have practical
use in the supersonic range.

For Mach nunibers less than M,* - 2, E uation (82) rapidly becomes
unusable; for example, at Mo. ---U--.= 2 0%. Thus it app1ars that

the heiisphei-e pressure inputs, along wiH free streaxii density and speed of
sQund, art inadequate for accurate detcrinirnation of true air speed, indicated
air spced and Mach number at Mw less than 2. Considerable effort, however,
can be f,und in the literature related to the use of a hemisphere cylinder pitot-
static air data probe at subsonic, transonic and low supersonic Mach number;for example, References (18) and (19). Therefore, base~d on these" references

and the above statement, it is felt that the pitot static tube, that is, the
additional input of static pressure, is needed in order to determine Mach
nuniber for MO4- < 2.

With density given, true air speed (free stream velocity) can bc obtained
for M,, > 2 using Equation (82). The indicated air speed calculation merely
requires substitution of the sea level density /,6 for in Equation (82) (sec
Section 1I1. 5.). Therefore /

=1. o21 , (96)

L
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SECTION IV

DETERMINATION OF ALTITUDE AND MACH NUMBER

1. ALTITUDE DETERMINATION

An altitude, or more properly a pressure altitude, cannot be obtained
from the pressures measured on a hemisphere in high supersonic-hypersonic
flow. This conclusion is a direct result of the insensitivity of the local flow
field pressure distribution to free stream Mach number and hence the inability
to determine M., and subsequently static pressure from the input of surface
pressure (see Reference 14 for a further explanation uf this conclusion). Thus,
the only altitude output one can get from the air data ir.pufs must come from the
input of density, i. e. irimply a density altitude (when given). Using the infor-
mation on density altitude variations available in the 1962 U.S. Standard
Atmosphere, Reference (1Q), it is possible to estimate how accurately one can
determine altitude when density is known.

A detailed investigation, or detailed results of investigation:, of atmospheric
variations and uncertainties in pressure, density. etc. will not be attempted
in this report. This information is adeqLately covered in Reference (19) and
references cited in that work. Rather. we will look at the conclusions of
Reference (19) only to the point where we may formulate the ability to obtain
altitude when density is given as an air data input.

Figure 35, taken from Reference (19), presents the U.S. Standard Density
Altitude. The dotted lines in this figure arc: faiiings through density extremes
(symbols) observed at given altitudes. From these extremes, altitude uncer-
tainties at a given density can be found as lying horizontally between the density
uncertainty band. Since these extremes in density are on the order of ±50%, an
additional measured density uncertainty of ±5%, which is to be assumed, becomes
of little practical significance in determining altitude from density. One finds
that the density is very sensitive to altitude. Conversely, altitude is a weak

O, • • .- ." . . . . . ... '-S - -- - ,- , , , - ,,,..

uncertainties in h. Values of Ah/l in percent are given in Figure 36 as a
function of altitude.

One can see from t!:is analysis that an altitudi. based on density gives
noininally about ±8% uncertainty in h . Furthermore, the extreme density
uncertainty that was assumec Lo exist is all inc usive for latitudinal and
seasonal variations. For an actua! flight case with latitude and seaso:1 specified,
Reference(19) points out that the uncertainty in density would be much smaller.
Using appropriate density-altitude charts, therefore, altitude could be determined
to much better than ±8% from a density input.

2. MACH NUMBER DETERMINATION

S• As stated pre,ýioasly, the pressure distribution on the hemisphere and the

pitot pressure are insufficient inputs to obtain I ,, in the hypersonic regime.
When der'sity is given, however, velocity (true air speed) is calculable, and
Mach number can then ba obtained through

(97)
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The free stream speed of sound, however, must be obtainc-d from the density-
altitude. Thus, we must look at the uncertainty in &a- as a function of altitude.
From Figure 37, also taken from Reference 119), it can be seen that at a given
altitude the uncertainty in temperature (symbols) is on the order of ±10%.
The variation of temperature with altitude is not strong enough to add much
additional uncertainty in temperature. • Thus, the total uncertainty in T,, is
still on the order of ±10%. Since

V2.

•.o T'W• (98)

a, i AT- (98a)
2T.-

a ±10% uncertainty inT4 results in a ±5%6 uncertainty int.,,.

Now, since
=U. (97)

A= U.0 A, (97a)

In Section III, it w as shown that ±411o shatnthe rtaint in
Mis ±10% or less. Again, as with altitude for a given flight case, the

temperature as a function of altitude would be known to much better than ±10%
and the resultant uncertair'y in NMwould correspondingly be much less.

For Mach numbers between . 5 < Mw < (a, it was seen in Section II that
the cosine exponent V1 in the basic relation for the pressure distribution was
Mach number dependent (see Figure 16). In addition, it was shown that the
value of V1 could be calculated once oC and /3 were obtained. Therefore,
using Figure 1 6 as a calibration, it would be possible to obtain an estimate of
Mo in this transonic-supersonic range. It is felt, however, that a calibration
better defined through further experiments would be required to make this
Mach number determination scheme valuable.
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SECTION V
ABLATION AND RESULTANT UNCERTAINTIES

ON AIR DATA ATTITUDE ANGLE OUTPUTS

1. ABLATION PERTURBATIONS

Thus far, the air data equations have been derived for a hemispherical
probe. However, ablation of the nose can result in a change in nose shape

¾ - and therefore perturb the equations. Given the re-entry trajectory, and the
nose material and diameter, the amount of nose recession can be calculated.
The perturbation on the equations, due to ablation, ia then treated as an

* uncertainty in the pressure equation exponent, Y1 • fl, where P=Ps C°5r .
The resultant uncertainty in M or /1 for the two orifice per plane calibration,
Equations (32) and (41), is then determ5ned from erior Equations (36) or (42).
While by no means rigorous, this analysis was pe:formed in order to obtain
an order of magnitude indication of the possible effects caused by ablation.

2. ABLATION

A re-entry trajectory chosen for ablation analysis is the DODCO trajectory
presented in Reference (20). The trajectory was extrapolated down to 60,000
ft. tc extend the ablation calculations over a greater range of interest (see
Figure 38). In addition to the trajectory, other assumed inputs were:

1) nose diameter; D 6.0 inches
(felt to be a lower limit on size)

2) nose material; "Graphitite G"
(a material for which experimental ablation data taken in the CAL
Wave Superheater Supersonic Tunnel are available)

3) zero angle of attack and sideslip over the entire trajectory.

The results of the ablation calculations are presented in Figures 39 to 41.
In Figure 39, the nose temperature time history is given. In Figure 40, the
stagnation point heat transfer rate is presented. Both of these curves are
fairings through point by point integrations (syrnbols) that were hanid calculated
for the trajectory. The nose recession A I (see sketch) as a function of altitude
is presented in Figjre 41. The maximum ablation is seen to be approximately
.825 inches, or A/y- .275.
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3. ABLATION EFFECTS

For the conditions presented in Section V 2 it was seen that the maximum
value of stagnation point nose recession was 0. /1 v = . Z75. The following
assumptions and methods were used to interpret this recession distance as a
perturbation to the air data equations. First, as previously stated, only the
case at zero attitude angle was considered. Second, it was assumed that as
the stagnation point recedes, no ablation occurs at the probe shoulder and,
further, that the nose shape can be approximated by anellipse, see sketch.*'

For an ellipse, the coordinates of the orifice can be found from

(99)

where

Solving Equation (99) for X and taking the first derivative resulto in,

C&- (100)

Next, it is necessary to assum~e that the pressure ratio /Ps at X, y
can be approximated by a cosine function even though the surface is elliptical
rather than circular,

Thus,

where 0 is the angle between the axis and a line normal to the body surface.
Therefore,

dx - ta• ' (102)

Alternatively, a model in which the nose shape remains spherical but
increases in radius of curvature due to ablation was also considered,
however, the resultant perturbation to the air data equations is nearly
the ý,a.e as the above analysis, therefore, it is not included herein.
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and further =(103)

V Substituting Equations W(0Z) and (103) into Equation (100) for port location,
45' results in = 270 45'.

From Equation (IC1)

), V C (104)
I (Cos 0)

aind since the h value used in the assumed distribution is Y1 = Z. 24 (for the
hypersonic case), we get an error in Ii of:

xy1= n-n -

From Section II, the resulting error in 0( for the two orifice configuration is,
Ax= (Coto. +tanOO ,f (36)

Values of Aocversus d- forvi = 1. 44 are given in Figure 42. Here, values
at0•Oarc considered. To arrive at these conditions physically, it would be
necessary to fly at CL= 0 while the nose ablates symmetrically, and then go to
some angle of attack while the nose is still symmetrically ablated. The curve
forAn= 1.44 shows that large errors exist in cC. due to ablation. However,
this perhaps is the largest possible ablation case in consideration, since the

$; stagnation point was kept fixed and because the nose diameter considered was
the lower limit in size. The ablation equations (not presented here) show an
ablation dependence'bn nose radius of the form

04 (105)

Thus, for example, for a 12-inch diameter probe
0 9O7

r
and for this case,A•v = . 60. The angle of attack error A oL , for D 12 inches
is also shown in Figure 42. While a 12-inch diameter probe reduces A ot
significantly, it can be seen that the perturbation is still large. Thus, it could
be concluded that nose recession should be limited, either by cooling, or by
large nose diameter to AA/r- less than perhaps 5% if satisfactory attitude angle
results are expected, using the two-orifice per plane model and equations.

Alternatively, the sensitivity of the attitude equations to the exponent n can
be eliminated by using three pressure ports instead of two in each attit',de
plane. For the case of three orifices and a logarithmic pressure relation,
Equations (45) and (5Z), it is possible to eliminate the pressure distribution
exponent Y1 and for this case the change in nose shape due to ablation will not
cause an error in attitude determination. Pressure and attitude equations for
this orifice configuration are described in Section II. It should be cautioned
however, that for this scheme to be correct, the nose pressure distributions
must obey a Cos"(9 relation even though the value of n is unknown.
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SECTION VI

SUMM,LARY OF RESULTS AND RECOMMENDATIONS

I. SUMMARY OF RESULTS

Air data outputs obtainable from pressure measurements on a hemisphere

probe have been investigated analytically for free stiyeam Mach numbers which

include and put emphasis on the hypersonic flow regime. Specifically, vehicle

attitude can be obtained from the pressure inputs alone, whereas true air speed

requires the additional input of free stream density. A simple flow chart of air

data inputs and obtainable air data outputs at hypersonic and supersonic Mach

numbers are shown in Tables Hla and Lib, respectively. A more detailed chart,

Table III, lists air data inputs, outputs, equations, assumptions, etc., and

provides in effect a summary of the study performed. At hypersonic Mach

numbers, vehicle attitude or angle of attack 0(. and sideslip / can be obtained

using only pressure distributions measured on a hemispherical nose through

the relat.ons 1

L j
3 tavy [-fIz.4 (41)

Attitude angle uncertainties in these expressions resulting from one percent

individual pressure measurement uncertainties, and possible pressure distribution

variations are on the order of ±1/2 degree for attitude angle variations from

-20* to +50% The equations can be used for angles as high as 850 with no

resultant discontinuities, but with uncertainties becoming as large as E6%.

Over the lower Mach number regime (transonic, supersonic) the recommended

t Mach number independent attitude angle expressions are

il Io• ~(P4/n). = ,og °'('co9-(Zi)//CO$ 3 ) (7

1 0.1 (3) Jog (eOS(8-)

S"Attitude angle uncertainties for these expressions are also on the order of

:' ±I/Z0 ; however, the useful attitude range for these expressions is approximately

i! ±200, the expressions becoming unusable at higher angles due either to dis-
continuities or multiple value solutions.

i• Velocity (true air speed) can be obtained for Mach numbers of approximately

•" two or greater from the hemisphere pressures if free stream density is an
additional input using the expression ,o r
±1; /2*Uowever, the usfu atiuernefrteeepesosiprxmtl

r o. i) -,] .,-, @ ,-," (92)

" ±% tPes edu ng Page Blank



Likewise, indicated air speed can be obtained from the hemisphere pressure
inputs using

COi '[ -'

where /1 o is sea level atmospheric density.

For Mach numbers -- (61 V equals 2. 24 whereas n is Mach number dependent
for Z< M 4.

An altitude, or more properly, a pressure altitude cannot be obtained
from the pressures measured on a hemisphere in hypersonic flow. Given free
stream density, a density altitude can be obtained to .vi-thin at least ±8%.

As with altitude, the pressures measured on the hemisphere are insufficient
inputs to obtain hypersonic free stream Mach number. When density is given,
however, and velocity is calculable, Mach number can be obtained to ±10% or better.

For the simple attitude expressions, Eq. (32), (41), large errors in attitude
due to ablation could be expected. However, use of Eq. (47), (54) would allow attitude
to be determined even with ablation if the nose pressure distribution still obeyed a
COS " e relation.

2. RECOMMENDATIONS

The present analysis of air data outputs obtainable ---t hypersonic Mach
numbers using measurements of nose pressure has !eta ro a simplified set of
air data equations. These expressions, believed to hold with acceptable
accuracy in the high Mach number flow regime, resulted from methods used
to predict the hemispherical pressure distribution over a broad range of flight
conditions. Since these equations allow easy utilization of the air data inputs,
they appear to be very promising for hypersonic flight usage. It would seem
worthwhile, therefore, to study the equations experimentally. That is not to
say that considerable experimental data have not been used in the derived
expressions; however, the equations have not been experimertally verified
over the range of attitude angles (up to 50*) and flight velocities (to 20, 000
feet per second) considered in this study.

Specifically, experimental verification of the two following expressions
upon which the air data equations are constructed would be of primary interest.

P= Ps5 Cs 0 S Y = 2.24 (10)

SUK= 1.9z (106)Z

These two expressions should be studied experimentally over the flight
envelope of interest with variation in UJ, , ,• (altitude), oL and /3 . In
addition, insofar as possible, other test variables, e. g, Mach number, Reynolds
number, model size, should be duplicated.

Flight duplication of velocity presents the most difficult requirement for
ground test facilities. With regard to this problem, hypersonic shock tunnel
facilities appear to be the most promising, the Cornell Aeronautical Laboratory
Shock Tunnels for example having the capability of duplicating velocity-den-'ty
fli'ht coli.ditions for a full-size probe up to true air speeds of about 15, 000 feet
per second (L•e Be•erence Z1).
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In conclusion, If the air data equations for OL , and U can be shown
to hold satisfactorily over the flight regime predictea, then the use of the
hemisphere probe in actual vehicle flights is recommended.
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TABLE U.b

T;ZAMSO!9LC -SUPEP.SONLC OUTPUT FLOWJ C"ART

PS ~cosvE)

- e (Cos (A t- Ln 0(

/ 5 =t7 (wsoc.3 + SL ()

M csX,+SY

c~Ii~ &c~s~(co~ '~c~p

(ro Y3/4O+

T..
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